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Numerical Approach to Inverse Flight Dynamics

Marco Borri,* Carlo L. Bottasso," and Fabio Montelaghi*
Politecnico di Milano, Milan 20133, Italy

We develop a general numerical approach to inverse problems of vehicle dynamics, suitable for both fixed- and
rotating-wing aircrafts. The formulation is based on an energy-preserving finite element in time for rigid body
dynamics that ensures unconditional stability according to the energy method. The nonlinear inverse problem of
motion is solved by assembling a suitable number of time elements over the time interval of interest and enforcing
the appropriate boundary conditions. The capabilities and performance of the proposed procedure are illustrated

by means of numerical examples.

Nomenclature
D; =1;,t;4; time element
d°(-)/dt = corotational derivative
I, I =3 x 3 and 6 x 6 identity matrices
J = spatial inertia dyadic
m = mass
0,1 = fixed frame of origin 0,i = 1,2, 3
(P, e) = embedded frame of origin P,i =1,2,3
)/ =1, h; generalized momentum vector (linear, angular)
R(v) = rotation tensor associated with the rotation vector v
r = f, m; generalized force vector (force, torque)
T = period of the maneuver
t = time
w = v, w; generalized velocity vector (linear, angular)
X = P — O; position vector of P in (O, i;)
a = direction cosine matrix
At =141 — t;; time step
0 =9, o, 6., Or; aileron, elevator, rudder, and thrust
controls
Lis Ly = nodal impulses
on = boundary quantity
) = quantity pertaining to the ith time node
(Hv = quantity pertaining to the jth time element
) = derivative with respect to time, d(-)/ dt
() = components in the embedded frame

Introduction

HE general problem of flight simulationincludes conventional
direct analysis and inverse design of maneuvers. In the case
of the direct problem, we are asked to predict the trajectory of the
vehicleif the initial conditionsand the time history of the controls—
for example, three control surfaces and thrust for a conventional
airplane—are given.In the case of the inverse problem, we are asked
to predict the controls that are compatible with a desired trajectory.
Bothtopicsare of greatinterestin the contextof modern flight me-
chanics. Typicalapplicationsarerelated to the analysisand design of
flight vehicles, for example, the assessment of handling qualities or
the design of advanced flight control systems. However, whereas the
director forward simulationproblemcan be effectively addressedin
a number of ways, the inverse analysis of vehicle motion is a more
challenging and computationally intensive task.
Several attempts at solving inverse flight dynamic problems for
both fixed-wing aircraft and helicopters are reported in the litera-
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ture.'~® Kato and Sugiura' and Thomson and Bradley? developed
similar inverse techniques based on a differentiation process of the
state variables. Although the numerical differentiation approach is
prone to numerical instabilities and inaccuracy, these authors suc-
cessfully applied the methodology to a number of aircraft and heli-
copter inverse maneuvers. Following a suggestion of Thomson and
Bradley,> Hess and co-workers*® avoided the numerical difficul-
ties of numerical differentiation by recasting the inverse problem
of vehicle motion to one of an integration process, presenting a
generalized approach suitable for both fixed- and rotating-wing ve-
hicles. Although more robust than the differentiationalgorithm, this
methodology occasionally suffers from high-frequency oscillations
thathave usually been dealt with by means of low-pass digital filter-
ing. More recently, a similar approach was followed by De Matteis
etal.” that avoided the introductionof filtering through the use of a
local optimization procedure.

In this paper, we propose a general numerical approachto inverse
flight dynamic problems. Within the framework of finite elements
in time, we derive a set of nonlinear discrete equations of motion
emanating from a mixed weak principle, which allows the treatment
of any well-posed direct and inverse problem.’ The resulting dis-
crete equationsof motionare associated with an energy conservation
law that guarantees unconditional stability according to the energy
method. Inverse problems are solved by assembling a suitable num-
ber of time finite elements over the interval of interest and imposing
the appropriate boundary conditions. The resulting discrete equa-
tions are nonlinear and are solved by a Newton technique.

In particular, in this work we apply this methodology to the solu-
tion of periodic inverse problems. For the purposes of this work, a
maneuver is considered periodic when a certain subset of the state
of the system (positions, orientations, and velocities) assumes the
same values at two distinct time instants. For a rigid vehicle, this
class of maneuvers can be used for idealizing a broad range of flight
conditions. Clearly, the strict satisfaction of the periodicity condi-
tion is seldom encountered in real flight situations. Nevertheless,
this model can be a valuable aid in the preliminary design phase and
can represent a useful tool in the evaluation of the characteristics
and qualities of a vehicle.

We express the problem of vehicle motion in terms of a set of
dynamic equations of equilibrium, kinematic relations, and period-
icity conditionsand a set of other general constraintconditions.The
constraint equations can be of different form, depending on the na-
ture of the problem considered. For example, when they specify the
time history of the controls and the period of the maneuver, they
identify a direct simulation process. When they specify the whole
trajectory together with the period of the maneuver, they identify
an inverse problem of motion where the number of outputs exceeds
the number of inputs. All of the other intermediate cases of interest
can be cast in the same general form.

For simplicity, we confine our attention to the “nominal” case,
where the number of inputs corresponds to the number of outputs.
However, the methodology can be extended to handle the “redun-
dant” case, where the number of outputs is less than the number of
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inputs, adopting a suitable pseudoinversionprocess as discussed in
Ref. 3. This topic will be discussed in a forthcoming paper.

Although in the examples section we restrict our attention to the
case of a conventional fixed-wing airplane, we can accommodate
within our formulation even helicopters or nonstandard configu-
rations. In fact, the only difference between the two problems is
confined to the nonlinear constitutive law that expresses the aero-
dynamic forces as functions of the system state vector and of the
actuators.

We conclude by presenting numerical results obtained with the
proposed methodology.

Numerical Analysis of Periodic Problems

We define as “periodic” a maneuver that causes the aircraft to
assume the same values of a given subset of its state (position,
orientation, and linear and angular velocities) at two distinct time
instants. The corresponding time interval 7—known or unknown,
depending on the problem—is called the period of the maneuver.
Letting (0, i,) (i =1, 2, 3) be an inertial frame of origin O and (P, e;)
(i=1, 2, 3) be a frame embedded in the rigid body 5, the placement
of the body frame is identified at any time ¢ € [0, 7] by the position
vector x(¢) = (P — O) of its origin P with respect to the origin O
of the inertial frame and by the direction cosine matrix c(?).

An energy-preservingscheme is used for integrating the nonlin-
ear dynamics of a rigid body. Details of the algorithm are given in
Ref. 9. Even if energy preservationimplies unconditional stability
in the nonlinear regime, the method proposed here does not neces-
sarily require the use of this particular time-stepping scheme, and
other algorithms might be used, as long as they allow an assembled
solution.

For each of the n time elements D; in 7, the discrete equations
of momentum balance referred to the center of mass are

p" =p, +u Py, =P + i (1)

p = (I, h) being the six-dimensionalmomentum vector. The symbol
(+)» denotes boundary quantities pertaining to the boundary time
instants #; and f; , ;. For a constant interpolation of the generalized
force vector ) = (f, m®) within D;, the force nodal impulses
are

A t(i) )
() = () = == @

The constitutive equations that relate velocities and momenta are

Xip1 —X; Q
At m 3)
w? = 05J7'[R" (WA D) + 150
The set of equations is completed by the kinematic relations
Qi = R(w(i)A t(i))ai )
Imposing the periodicity conditions
Poy = Po, QL= Qi (5)

and assembling over the period, the discrete equationsof motion (1)
and (4) can be rewritten as

P —p™ = 0.5(A 1FD A 1DD)
p? —pP = 0.5(a 1O A 1Dp®)

)
p™W —ph = O.S(A fn=Dpn=1 4 A t(n),(n))
and
a, = R(w“)A t“))al
a3 = R(w(z)A t?)a,
: ) M

o = R(w(")A t<"))a,,

Equations (6) can be written in compact form as
Pp, = Rr, ®)

where p, and r, denote the vectors built, arranging sequentially
from the first time element to the last one the generalized momenta
and the generalized external forces. P and R are square matrices
of order 6 x n. P is obtained by placing n identity matrices Is of
size 6 x 6 on the principal diagonal and n — 1 matrices —Is on the
lower diagonal. The imposition of the periodicity condition places
an additional —I matrix in the upper-right-hand corner of P. R
presents a similar structure. Considering, for example,n = 4, P is

|_ I, 0 0 —1(,_|
I, I, 0 0
,P — 6 6 (9)
0 -I, I, O
0o o0 -I, I
whereas R is
At 0 0 A t(4)16—|
AtOL, AP, 0 0
R =0.5 6 6 (10)

0  At?I, AL, 0
0 0 At A DI

When using a constant interpolation of the external generalized
forces, the number of assembled time elements in 7 must be odd. In
fact, the use of an even number of elements causes the appearance
of spurious modes in the solution, causing R to be singular. This is
a known phenomenon of discretization.'”

Periodic Inverse Flight Dynamics

Constraint Conditions

The set of discrete equations for the periodic inverse problem of
vehicle motion was derived in the preceding section and includes
for each time element the equations of dynamic equilibrium (1) and
the constitutive equations (3) and for each time node the kinematic
relations(4). These equationscanbe augmentedby a set of constraint
conditions

Cla,w,6,7)=0 (1)

In general, these equationscan be regarded as functions of the orien-
tation cx, the generalizedvelocity w, the controls §, and the maneuver
period 7. In the nominal case, there are n such equations, where n is
the number of time finite elements assembled in 7. These equations
can assume differentforms in correspondenceto differentproblems
of inverse motion. For example, they might specify the time history
of a rotation vector component in the case of a roll maneuver, or
they might specify a known value of the period or a known time his-
tory of some of the controls, e.g., a constant value of the throttle. In
the numerical example section, we present a few different forms for
Eq. (11). Clearly, even the forward simulation problem can be mod-
eled by the same set of relations, when Eq. (11) specifies the time
history of all of the controls. In practice, the constraint conditions
play the role of defining the nature of the problem considered.

Force Constitutive Models

The problem definition is completed by the introductionof a suit-
able constitutive model that relates the external generalized forces
to the controls and the system state vector. The external forces f
acting on a flying vehicle and referred to the center of mass can be
regarded as composed of two parts, namely the weight mg and the
aerodynamic forces A including the forces of propulsiveorigin,i.e.,

f=mg+A (12)

The external torques G are of a purely aerodynamic-propulsivena-
ture. The aerodynamic forces A and torques G normally depend on
the local ambient density, the present and past motion of the vehicle
relative to the atmosphere, and the actuation of the controls. For
simplicity, we restrict our attention to the steady model. In this case,
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the constitutive equations of the aerodynamic generalized forces
referred to a fixed frame can be expressed as

A =A@, v,&,0,0) G=aGv,o,6,0) (13)
where the bar over the symbols indicates quantities in body frame
andv = (u,v,w), w = (p,q,r),A = (X,Y,Z),and G = (L,
M, N); o is a set of parameters that influence the aerodynamic
reactions, for example, the air density and gust factors.

The problem is nonlinear because of the constitutive equation
for the angular momenta h, because of the generalized aerody-
namic forces, and, in general, because of the constraint conditions
[Eq. (11)]. Consistentlinearization with respect to the unknown pa-
rameters allows us to adoptan iterative Newton-like procedure. The
resultinglinearized system of equationsis written in terms of incre-
ments of displacements, rotation, linear and angular velocities for
each time node, and increments of controls and time step sizes for
each time element.

Computation of the Tentative Solution

The Newton solution process is initiated by specifyinga first ten-
tative solution. The choice of a tentative solution that represents a
good approximationof the final one will allow convergencein fewer
iterations. However, as long as the initial guess is within the basin
of attraction of the nonlinear solution process, the final solution will
not depend on the tentative one.

In this work, we propose to compute the first tentative solution by
trimming the aircraft at every time node. The trimmed condition is
identified in correspondenceto the steady maneuver that provides
a suitable approximation to the problem considered. We define as
steady a maneuver such that

d°w
=0 14
m (14)
Equation (14) implies
To(p)w =r (15)

where the operator T(-) applied to p is

0 lXI-;
) 16

To(p) = [
Equation (15) states that a general steady maneuver is one for which
the gyroscopic forces To(p)w are in equilibrium with the external
forces r. Consequently, it follows that the most general steady ma-
neuver is characterized by a helicoidal trajectory with axis parallel
to the angular velocity vector w.
Equation (15) is augmented with the additionalpiloting condition
that can be formally expressed as

Cla,w,8) =0 a7

A typical example of the form assumed by Eq. (17) is given by the
symmetric flight condition, where the linear velocity vector lies in
the plane of symmetry of the vehicle. Indicating with e, the unitary
vector perpendicularto the plane of symmetry, Eq. (17) in this case
is

v-e, =0

Equations (15) and (17) are nonlinearand are solved with a Newton
procedure.

Once the trimmed condition has been obtained, the assembled in-
verse procedureis initiated. At each iteration, the system unknowns
are updatedin terms of the computed increments. The iterative pro-
cedure is continued until convergence to the prescribed level of
accuracy.

Numerical Results

In this section, we apply the developed proceduresto a number of
inverseproblems of aircraftmotion, and we assess their performance
characteristics. We consider an A4D aircraft characterized by the

aerodynamic data published in Ref. 11 for the flight condition rel-
ative to 15,000 ft and 634 ft/s. The emphasis of the exercises is on
showing the ability of the procedure in dealing with complex non-
linear inverse problems rather than on the issue of modeling real
flight maneuvers. This justifies the choice of a simple aerodynamic
model. Clearly, more complicated models could be used without
altering the algorithmic approach.

All of the results have been validated by using the computed con-
trols for performing a direct simulation and comparing the resulting
trajectory with the nominal one. Excellent agreement between the
real and computed trajectories has been observed in all of the test
cases analyzed.

For simplicity, we consider discretizationsdenoted by a constant
value of the time step size. However, itis clearthatthe use of an adap-
tive time-stepping process could greatly enhance the performance
of the method in some cases.

Straight Roll of 360 deg

This example was first presented by Kato and Sugiura.! Here, the
goal of the exercise is to validate the procedures by comparing the
results with those of other known approaches. Although the maneu-
ver is of little interest from the point of view of flight mechanics, it
represents a valid test case for a numerical approach because it is
characterized by large-amplitude variations of all of the controls.

The problem deals with a maneuver in which the airplane de-
scribes a straight trajectory while performing a 360-deg continuous
roll. The roll angle as a function of time is given by

o(t) = (2n/ 16){cos(3xt/ T) — 9 cos(nt/ T) + 8} (18)

The period to complete a 360-degrollis 7 = 6's.

The temporal discretization makes use of 61 time elements. A
first tentative solution was computed by trimming the aircraft at
each time node with the constant linear velocity and the angular
velocity corresponding to Eq. (18). Convergence to the trimmed
solution was obtained in four Newton iterations on average, having
set a tolerance of 107!° on the energy norm of the residual. The
periodic solution was then computed with the technique described
in the preceding sections, using the tentative solution as an initial
guess. The tolerance was set equal to the one used for the trimmed
solution. Convergence was achieved in four Newton iterations.

Figures 1-6 report the amplitudes of the angles of attack and
sideslip and of the aileron, elevator, rudder, and thrust deflections.
All of the plots show the dynamic solution (thick lines) and the
initial tentative solution corresponding to the trimmed condition
(thin lines). The magnitude of the deflections is certainly too large
for the simple linear aerodynamic model adopted. However, the
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Fig. 6 Straight-roll (360 deg) maneuver: thrust level.

aspect of identifying a suitable model for dealing with this class of
maneuvers is outside the scope of the present work.

To validate the results against a known procedure, we have im-
plemented the approach developed in Ref. 1. The results obtained
are presented together with our solutionin Figs. 3-5. For the present
model problem, a good agreement between the two approaches can
be appreciated. However, we note that there is a significant differ-
ence between the two methods with respect to this example. In fact,
our algorithm is based on a standard finite element discretization
process, and therefore it is convergent, in the sense that a finer tem-
poral discretization yields more accurate results. On the contrary,
when we tried to reduce the time step size for the algorithmof Ref. 1,
we observed an unstable behavior that prevented us from obtaining

a solution.

Helicoidal Roll of 360 deg
In this roll maneuver, the trajectory is a helix of radius R = 50
ft, pitch p = 7608 ft, and period 7 = 12 s. The position vectorx ()

is given by

x = {(p/T)t, Rcos[x(1)], Rsin[x ()]} (19)
The angle y varies linearly with time, as given by
x(t) = QrlT)t (20)
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A different form of the constraint condition is used in this case.
Instead of setting the roll angle as in the preceding exercise, we
impose that the unit vector e, always remains perpendicularto the
unit vector ey, where

e) = R[x ()i, 21

Therefore, the unit vector e, is constrained to lie in the symmetry
plane of the aircraft.

The temporaldiscretizationmakes use of 101 time finite elements.
The solution procedure is analogous to the one adopted in the pre-
ceding example, and the convergencetolerance on the energy norm
of the residual was set to 1071°,

Figures 7-12 report the amplitudes of the angles of attack and
sideslip and of the aileron, elevator, rudder, and thrust deflections.
Even in this case, the system response is characterized by large
variations of all of the quantities.

Conclusions

We have presented a formulation for analyzing inverse problems
of rigid vehicle motion. The algorithm is general because no as-
sumption on the vehicle characteristics and configuration is im-
plied in the formulation. Therefore, it is suitable for both fixed- and
rotating-wing aircrafts. The new methodology has been applied to
the study of periodic maneuvers. The introduction of aerodynamic
models more sophisticated than the one considered here is possible,
and it would require only a different definition of the constitutive
model that relates the external forces to the system-state vector and
controls.

The approach is based on the use of an energy-preserving algo-
rithm for nonlinearrigid body dynamics. A suitable number of time
finite elements is assembled over the period of interest—period of
known or unknown length, depending on the problem considered—
and the periodicity conditions are imposed in the usual fashion by
folding the correspondingrows and columns of the assembled sys-
tem matrices. The solution is obtained by using a Newton iterative
procedure with consistent linearization of the discrete equations.

The procedureshave beenillustrated on some nominal fixed-wing
aircraft inverse problems, and the main features of the proposed
approach have been verified.
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